Two superconductors coupled by a weak link support an equilibrium Josephson electrical current which depends on the phase difference ϕ between the superconducting condensates [1] . Yet, when a temperature gradient is imposed across the junction, the Josephson effect manifests itself through a coherent component of the heat current that flows oppositely to the thermal gradient for |ϕ| < π/2 [2-4]. The direction of both the Josephson charge and heat currents can be inverted by adding a π shift to ϕ. In the static electrical case, this effect was obtained in a few systems, e.g. via a ferromagnetic coupling [5, 6] or a non-equilibrium distribution in the weak link [7] . These structures opened new possibilities for superconducting quantum logic [6, 8] and ultralow power superconducting computers [9] . Here, we report the first experimental realization of a thermal Josephson junction whose phase bias can be controlled from 0 to π. This is obtained thanks to a superconducting quantum interferometer that allows to fully control the direction of the coherent energy transfer through the junction [10] . This possibility, joined to the completely superconducting nature of our system, provides temperature modulations with unprecedented amplitude of ∼ 100 mK and transfer coefficients exceeding 1 K per flux quantum at 25 mK. Then, this quantum structure represents a fundamental step towards the realization of caloritronic logic components, such as thermal transistors, switches and memory devices [10, 11] . These elements, combined with heat interferometers [3, 4, 12] and diodes [13, 14] , would complete the thermal conversion of the most important phase-coherent electronic devices and benefit cryogenic microcircuits requiring energy management, such as quantum computing architectures and radiation sensors.
Two superconductors coupled by a weak link support an equilibrium Josephson electrical current which depends on the phase difference ϕ between the superconducting condensates [1] . Yet, when a temperature gradient is imposed across the junction, the Josephson effect manifests itself through a coherent component of the heat current that flows oppositely to the thermal gradient for |ϕ| < π/2 [2] [3] [4] . The direction of both the Josephson charge and heat currents can be inverted by adding a π shift to ϕ. In the static electrical case, this effect was obtained in a few systems, e.g. via a ferromagnetic coupling [5, 6] or a non-equilibrium distribution in the weak link [7] . These structures opened new possibilities for superconducting quantum logic [6, 8] and ultralow power superconducting computers [9] . Here, we report the first experimental realization of a thermal Josephson junction whose phase bias can be controlled from 0 to π. This is obtained thanks to a superconducting quantum interferometer that allows to fully control the direction of the coherent energy transfer through the junction [10] . This possibility, joined to the completely superconducting nature of our system, provides temperature modulations with unprecedented amplitude of ∼ 100 mK and transfer coefficients exceeding 1 K per flux quantum at 25 mK. Then, this quantum structure represents a fundamental step towards the realization of caloritronic logic components, such as thermal transistors, switches and memory devices [10, 11] . These elements, combined with heat interferometers [3, 4, 12] and diodes [13, 14] , would complete the thermal conversion of the most important phase-coherent electronic devices and benefit cryogenic microcircuits requiring energy management, such as quantum computing architectures and radiation sensors.
Since the prediction of the Josephson effect [1] , an insulating barrier connecting two superconductors (an S 1 IS 2 junction) has represented one of the prototypical systems to study macroscopic quantum coherence [15] . Nevertheless, its behavior in terms of coherent energy transport has been experimentally investigated only very recently [3, 4, 11, 12] . It has been shown that if we establish a thermal gradient across a Josephson junction (JJ) by raising the electronic temperature T 1 of S 1 above the bath temperature T bath (see Fig. 1a ), a stationary electronic heat current will flow [2, 16, 17] : Since the Cooper pair condensate carries no entropy under static conditions [2, 16] , J S 1 S 2 describes the energy transferred by quasiparticles tunneling through the JJ and its direction is determined by the temperature gradient, according to the second principle of thermodynamics. Still, the direction of the second component of J S 1 S 2 can be arbitrarily regulated by varying ϕ. As a matter of fact, J int represents the thermal counterpart of the "quasiparticle-pair interference" contribution to the electrical current that tunnels through a JJ [18, 19] and its phase coherence allows us to make it flow anti-parallel (if ϕ = 0) or parallel (if ϕ = π) to the other component J qp , as shown in Figs. 1a and 1b (see Methods for further details).
So far, thermal interferometers have been realized to detect and control J int , but they could not allow to invert its direction [3, 4, 12] . Here, we demonstrate that a "pseudo" radio frequency superconducting quantum interference device (rf SQUID) composed of three JJs [10] provides a full control over the coherent component of the heat current exchanged by S 1 and S 2 through a single JJ, labelled "j". The latter can be polarized from ϕ j = 0 to ϕ j = π by varying the magnetic flux Φ threading the loop of the SQUID (see Fig. 1c ). This possibility allows to minimize or maximize J S 1 S 2 , obtaining unprecedented temperature modulation amplitudes and enhanced sensitivities to the magnetic flux. Even more importantly, our structure realizes the fundamental requirement to obtain negative thermal differential conductance which is at the basis of sophisticated non-linear thermal devices, such as tunnel heat diodes [14] , thermal switches and transistors [10] .
The implementation of our 0 − π phase-tunable thermal JJ is shown in Fig. 1d . The structure was fabricated by electronbeam lithography, three-angle shadow-mask evaporation of metals and in situ oxidation (see Methods). It consists of a 40-nm-thick aluminium (Al) island (S 1 ) with a critical temperature T c,1 1.3 K tunnel-coupled to five superconducting probes (P i with i = 1, 2, ...5) made of a 15-nm-thick Al film (S 3 with T c,3 1.55 K) and acting as Joule heaters or Josephson thermometers [10, 20] . Energy losses from S 1 to these probes have been limited by the maximization of the S 3 energy gap (see Methods). On the right side, S 1 is connected through the tunnel junction "j" to a bilayer composed of 5 nm of copper (Cu) and 20 nm of Al (S 2 with a critical temperature T c,2 0.9 K). The latter has been engineered to suppress the Josephson critical current I c,j of junction "j" and to favor the energy transfer from S 1 to S 2 [10] , which represents the focus of our experiment. Finally, S 1 and S 2 are connected to a S 3 electrode P 6 by means of two parallel JJs named "a" and "b". P 6 , S 1 and S 2 form a loop with three JJs, two of which are placed on the same branch. This structure has been designed so that I c,j results to be the lowest Josephson critical current in the SQUID, thereby allowing to bias its phase difference from 0 to π [10] and change the sign of the second term in Eq. 1.
The realization of π polarization of the junction "j" was verified by first investigating the dissipationless electrical transport through the interferometer via the superconducting electrodes P 5 and P 6 [15, 18] . In order to accurately determine the SQUID critical current I c,SQUID , the junction between S 1 and P 5 was designed to support a larger critical current. We recorded the voltage-current characteristics of the device for different values of Φ, observing a distinct supercurrent branch. The maximum current that can be sustained in this branch is the switching current I s,SQUID , which can be substantially different from the expected I c,SQUID because of chemical potential fluctuations that may affect superconducting floating islands [21, 22] . In our case, I s,SQUID results to be 50% smaller than the expected I c,SQUID [21] (see Methods), but, as we shall argue, this rescaling does not compromise the magnetic interference behavior of the SQUID, which matches very well the theoretical predictions of Ref. 10 . Indeed, the value of I s,SQUID is periodically modulated by the magnetic flux piercing the loop, as shown in Fig. 2a for selected values of the bath temperature T bath . This magnetic-flux interference pattern can be analyzed by first imposing the fluxoid quantization in the loop [15] and the Kirchoff laws for the conservation of the supercurrent flowing through the interferometer [10] . Then, the supercurrent is maximized with respect to ϕ j , and I s,SQUID is chosen as the solution that minimizes the Josephson freeenergy of the SQUID [10] . Figure 2a displays the very good agreement between the experimental data and the model, which allows us to extract accurate values of the structural parameters of our system. Indeed, for each T bath the theoretical fit provides the switching current I k of each JJ in the SQUID (being k = a, b, j) : I j results to be at least 2.2 times smaller than I a and I b , guaranteeing an efficient polarization of ϕ j . This can be also qualitatively appreciated from the absence of any cusp in the I s,SQUID magnetic interference pattern [10] . Figure 2b shows the flux dependence of ϕ j calculated for the supercurrent I = I s,SQUID flowing through the SQUID and for the values of r 1 = I a /I j and r 2 = I b /I j obtained from the fit at T bath = 25 mK. It appears evident how the phase polarization of the junction "j" can span the whole trigonometric period without discontinuities, in contrast to the behavior of a conventional symmetric direct-current SQUID [10, 23] . Full control of ϕ j is achieved as well in the configuration used to investigate thermal transport in the device, i.e., in the absence of any Josephson current flowing through the interferometer (I = 0), and when only a circulating supercurrent is driven by the magnetic flux piercing the loop. This is demonstrated by Fig. 2c , which displays the predicted behavior of ϕ j as a function of Φ in the latter configuration for the structure parameters extracted at T bath = 25 mK.
The set-up used for thermal measurements is sketched in Fig. 1d . The superconducting electrodes P 1 and P 2 are used to inject Joule power in S 1 and raise its electronic temperature above that of the lattice, which we assume to be fully thermalized with the substrate phonons residing at T bath , thanks to the negligible Kapitza resistance [3, 4, 12, 13, 24] . In this way, it is possible to generate a thermal gradient across the junctions "j" and "a" of the SQUID, as S 2 and P 6 are efficiently anchored to T bath owing to their large volumes. This thermal gradient yields finite heat currents J S 1 S 2 (flowing between S 1 and S 2 through junction "j") and J a (flowing between S 1 and S 3 through junction "a"), whose coherent components can be manipulated via the magnetic flux threading the interferometer. This effect leads to a periodic modulation of T 1 that can be detected by exploiting the temperature dependence of the Josephson switching current flowing through the junctions between S 1 and P 3 or P 4 [10, 20] (see Methods). We note that the variation of Φ produces only small oscillations of ϕ a around zero (see Fig. 2c ), so that it will induce rather insignificant corrections to thermal oscillations generated by the ϕ j bias. We also emphasize that the junction "b" will not contribute directly to thermal transport, as it is not temperature biased (see Fig. 1d ).
We can now focus on the thermal behavior of the structure. Figure 3a shows T 1 oscillations as a function of the magnetic flux measured by the P 4 thermometer for different values of the injected power J in at 25 mK. Thanks to the experimental design of our structure, these oscillations stem mainly from the modulation of the phase-coherent component of J S 1 S 2 , and the absence of abrupt cusps in the pattern confirms once again the ability of our interferometer to impose ϕ j = π for Φ = Φ 0 /2 [10] . As J in increases, the average value of T 1 ( T 1 ) raises up to reach almost T c,1 , while the amplitude of the modulations δ T 1 decreases from a maximum of ∼ 100 mK and vanishes for J in ∼ 1.6 nW. The π phase polarization, joined to the reduced impact of the electron-phonon coupling in a fully superconducting structure [25] , leads to the largest temperature modulations achieved so far. In particular, up to 400% of relative modulation amplitude R = δ T 1 /T bath is obtained for J in = 112 pW (see Fig. 3b ), which outscores by more than one order of magnitude the first result obtained in Ref. [3] .
Our observations can be explained by a thermal model (see Fig. 3c ) outlining all the predominant heat exchange processes present in the structure. Here, terms J i th denote the heat currents delivered by S 1 to the thermometer electrodes P i , being i = 3, 4, 5, and J e−ph describes the power released by S 1 to lattice phonons residing at T bath (see Methods for details). Temperature measurements obtained from different thermometers indicate the presence of a thermal gradient along the S 1 electrode for T 1 0.7 K (see Methods). Therefore, we model S 1 as a one-dimensional diffusive superconductor with a temperature profile T 1 (x), where x is the coordinate along the electrode. T 1 (x) can be obtained from the stationary heat diffusion equation [20, 26] :
where κ[T 1 (x)] and V 1 are the electronic heat conductivity [26] and the volume of S 1 , respectively. Moreover, V i th = l i A and V a = l a A, being A the cross-section of S 1 , l i the length of the i-th thermometer junction (with i = 3, 4, 5) and l a the length of the SQUID junction "a". As boundary conditions, we impose
, determining the relation between the temperature gradients T 1 (x) and the heat fluxes at the ends of S 1 . Here, the junction between S 1 and P 2 is set to x = 0, while the junction "j" of the SQUID is set to x = l = 17.5 µm (see more details in the Methods). The model accounts for the thermal budget in S 1 , and neglects photon-mediated thermal transport owing to poor impedance matching among the different electrodes of the structure [27] [28] [29] .
The calculated T 1 (l 4 ) (being l 4 the position of the P 4 junction) was fitted to the temperature measured with the thermometer P 4 by using the structure parameters determined from the electrical measurements, and by varying J in and R j as fitting parameters (see Methods for further details). The model provides a good agreement with the data (see Fig. 3a) , accounting for the predominant heat transport mechanisms in our system, and confirming the 0 − π tunability of the junction "j". Figure 3d displays the flux-to-temperature transfer coefficient T = ∂ T 1 /∂ Φ for different values of J in . Since our interferometer is not a standard rf SQUID, ϕ j presents a steep increase in the variation from π/2 to 3π/2, as shown in Fig. 2c . This is reflected by the sharp minimum of the thermal oscillations, which exhibit a maximum |T| exceeding 1 K/Φ 0 . The latter corresponds to a sensitivity five times larger than that previously achieved [3, 4, 12] .
The impact of bath temperature on our 0 − π phase-tunable JJ is illustrated in Fig. 4 . Figure 4a displays T 1 (Φ) at J in 112 pW for different values of T bath . The amplitude of the oscillations and the transfer coefficient (see Fig. 4b ) are progressively suppressed by the temperature-driven enhancement of the electron-phonon coupling, although the effect is evidently softer with respect to that occurring in normal metal electrodes [3, 4, 12, 13, 24] . As a matter of fact, δ T 1 remains as large as 20 mK at T bath = 800 mK, which almost doubles the maximum operation temperature achieved so far [3, 4, 13] . Finally, Fig. 4c summarizes the overall behavior of our system. While δ T 1 vanishes for increasing values of J in , the mean value T 1 tends towards saturation for J in > 2 nW due to the stronger impact of the electron-phonon coupling for T 1 ∼ T c,1 .
In summary, we have realized the first 0 − π phasecontrollable thermal JJ able to invert the sign of the coherent component of the heat current exchanged by two superconductors. This result has been achieved via a "pseudo" rf SQUID formed by three JJs. The full tunability of the 0 − π thermal JJ, joined to the fully superconducting nature of our device, leads to temperature oscillations with amplitudes as high as 100 mK and flux-to-temperature transfer coefficients exceeding 1 K/Φ 0 at 25 mK. The system can work up to 800 mK of bath temperature, and represents a crucial step towards the design of more exotic caloritronic devices. For instance, the π phase-bias would enable the observation of the negative differential thermal conductance [10] , which is a necessary requisite to get thermal hysteresis and heat amplification [10] . These effects are of strong impact and relevance for the realization of solid-state thermal memories and heat transistors [10] , breaking ground for the conception of thermal logic gates [30] and advanced phase-coherent caloritronic circuits.
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METHODS

Sample fabrication
The devices were fabricated with electron-beam lithography and three-angle shadow-mask evaporation of metals onto an oxidized Si wafer through a bilayer resist mask. The evaporation and oxidation were made using an ultra-high vacuum electron-beam evaporator, which allowed us to deposit first 15 nm of Al at an angle of 40 • to form the superconducting probes P i , with i = 1, ..., 6. Then the sample was exposed to 100 mTorr of O 2 for 5 minutes to realize the thin insulating layer of AlO x forming the tunnel-barriers in all the P i junctions and in the junction "b" of the SQUID. Afterwards, the sample was tilted at an angle of 30 • and a deposition of 5 nm of Cu and 20 nm of Al was performed to implement the superconducting lead S 2 . Another exposition of 100 mTorr of O 2 for 5 minutes was required to realize the insulating layers of the junctions "a" and "j" forming the SQUID. Finally, 40 nm of Al were evaporated at 0 • to deposit the superconducting island S 1 . The S 1 electrode has a volume V 1 = 2.7 × 10 −19 m 3 , while the other electrodes have a volume V ∼ 10 −15 m 3 .
Measurements
All the measurements have been performed in a filtered dilution refrigerator down to 25 mK. The Josephson thermometers were current biased by means of a low-noise floating source, while the voltage drop across the junctions was monitored with a standard room-temperature preamplifier. All the values of the temperature T 1 were extracted from an average of at least 20 switching current measurements. On the other hand, the heaters were piloted with voltage biasing in the range 0-40 mV, corresponding to a maximum Joule power of ∼ 4 nW injected in the S 1 electrode.
Characterization of the device by means of quasiparticle tunneling
In order to fully characterize our system, we investigated quasiparticle transport through all the tunnel junctions present in the structure. First, we measured the current-voltage characteristic of the junction connecting S 1 to the probe P 2 (junction 2) to extract the parameters of superconductors S 1 and S 3 (see Fig 1d) . Towards this end, we applied a voltage bias V to the electrodes P 2 and P 3 and measured the current flowing through the series of junctions 2 and 3 (the latter connecting S 1 and P 3 ). Because of the large asymmetry in the junction parameters, we observed the quasiparticle current of only the small junction 2, while the larger junction 3 remained in the supercurrent state [21, 25] . If S 1 resides at the electronic temperature T 1 and the superconductor S 3 at T 3 , the stationary quasiparticle current flowing through the tunnel junction is given by [15, 18, 20] :
where Extended Data Figure 1 shows the experimental data measured at T bath = 25 mK along with the theoretical fit obtained from Eq. 3. The model does not take into account the experimental peak around V = 0 generated by the Josephson effect, but allows to extract relevant structural parameters, such as ∆ 1 (0) 200 µeV, ∆ 3 (0) 240 µeV, γ 1 = γ 3 = 5 × 10 −4 , T 3 = T bath = 25 mK and T 1 430 mK. The difference between the electronic temperatures of S 1 and P 2 may be ascribed to the large difference in the volumes of the electrodes (P 2 extends to a large pad with a volume four order of magnitudes larger than V 1 ), which reflects on the electron-phonon coupling acting as an important channel of energy release in superconductors. This result is consistent with previous experiments on the energy relaxation of superconducting floating islands [25] and does not affect our experiment, since all the results are obtained for T 1 > 500 mK. Moreover, we note that the Dynes parameters γ 1,3 increase of about two orders of magnitude as T bath is raised up to 1.2 K. A possible explanation for this behavior is the environmental photon-assisted tunneling [32] .
To further analyze our device, we measured the current-voltage characteristics of the "pseudo" rf SQUID via the electrodes P 6 and S 2 at different bath temperatures. The quasiparticle current exhibits two well-defined singularity-matching peaks [15, 18] at the voltages V 1−2 = ∆ 1 (T bath ) − ∆ 2 (T bath ) and V 3−2 = ∆ 3 (T bath ) − ∆ 2 (T bath ) originating from the parallel junctions "j" and "b". These values, together with the voltage V 1+2 = ∆ 1 (T bath ) + ∆ 2 (T bath ), allow to extract the temperature dependence of the superconducting energy gaps ∆ 1,2,3 , as shown in Extended Data Fig. 2 . The experimental data (full circles) are very well described by the Bardeen-Cooper-Schrieffer temperature dependence of the superconducting gap [15] , confirming the ideal electric behavior of our system. In summary, we obtain T c,1 1.3 K, T c,2 0.9 K, T c,3 1.55 K, ∆ 1 (0) 200 µeV, ∆ 2 (0) 120 µeV and ∆ 3 (0) 240 µeV. These values reflect the different thickness and composition of the superconducting leads forming our structure, and are essential to limit the energy release from S 1 to S 3 while favoring the heat exchanged between S 1 and S 2 through the junction "j" of the SQUID. Finally, the electrical characterization allows us to measure the normal-state resistance of each junction present in the device: R 1 121 kΩ, R 2 84 kΩ, R 3 R 4 2 kΩ, R 5 1.5 kΩ, R j 3.8 kΩ and R a R b 2.2 kΩ. 
Josephson current and thermometer calibration
In the thermal measurement set-up, the electronic temperature T 1 of S 1 was measured by exploiting the temperature dependence of the Josephson switching currents I s,3 and I s,4 flowing through the JJs formed by S 1 with P 3 and P 4 , respectively (see Fig 1d) . The calibration of the Josephson thermometer was obtained by measuring I s,4 in equilibrium at several values of the bath temperature T bath , as shown in Extended Data Fig. 3 . The experimental data can be successfully fitted by the generalized Ambegaokar-Baratoff formula [10, 21, 33] for the critical current of a JJ between the superconductors S 1 and S 3 residing at the electronic temperatures T 1 and T 3 , respectively:
Here, f(ε, 3 ) are the anomalous Green's functions in the superconductors [18] and R T is the junction normal-state resistance. The model was fitted to experimental data by using the parameters extracted from the electrical characterization of the device, while we set R T = 4.58 kΩ as the only fitting parameter. A possible reason for R T being higher than the nominal value of R 4 2 kΩ may be ascribed to fluctuations of the chemical potential in the superconducting island S 1 , which can induce time-dependent phase evolutions, thereby reducing the maximum supercurrent supported by the JJ [21] , as also observed for the SQUID JJs (see Main Text). The good agreement between the experiment and the fit allows to extract the thermometer calibration for the configuration in which T 1 > T bath (see Extended Data Fig. 3 ). For each value of the injected power J in and the magnetic flux Φ piercing the SQUID, this calibration is used to convert the measured I s,4 into the temperature T 1 .
Temperature gradient in S 1 and thermal model
Since S 1 is a 20-µm-long superconducting thin film, its electronic temperature may become non-uniform as we increase the Joule power injected by the heaters. This hypothesis is confirmed by the measurement of T 1 with two thermometers placed at different distances from the heater junctions. Extended Data Figure 4 displays the dependence of the temperature oscillation mean value T 1 on J in as measured by the thermometer P 3 (at a distance l 3 2.5 µm from the junction 2) and by P 4 (at a distance l 4 5.7 µm from the junction 2) at a bath As already mentioned in the Main Text, we model the S 1 island as a one-dimensional diffusive superconductor and its temperature profile T 1 (x) is given by the stationary heat diffusion equation [26] :
where
is the electronic heat conductivity [26] 
D is the electrical conductivity in the normal state, N(E F ) ∼ 1.6×10 47 m −3 J −1 is the electronic density of states of Al calculated at the Fermi energy and D 20 cm 2 s −1 is the diffusion constant as measured in independent experiments on similar structures. Moreover, V i th = l i A and V a = l a A, being A the cross-section of S 1 , l i the length of the i-th thermometer junction (with i = 3, 4, 5) and l a the length of the SQUID junction "a". As boundary conditions, we impose
, determining the relation between the temperature gradients T 1 (x) and the heat fluxes at the ends of S 1 . Here, x = 0 is set in correspondence to the heater junction 2, while x = l = 17.5 µm corresponds to the junction "j" of the SQUID. Since the heater voltages in the experiment are V h ∆ 3 (0)/e (we reach V h ∼ 40 mV), the Joule power injected in the superconducting island is given by I h V h /2 [20, 25] , where I h is the measured current flowing through the heater junctions 1 and 2. On the other hand, as expressed in Eq. 1 of the Main Text, J S 1 S 2 is the electronic stationary heat current flowing through the temperature-biased JJ "j" of the SQUID [2, 16, 17] :
is the incoherent term of the heat current, while
represents the thermal counterpart of the "quasiparticlepair interference" component of the charge current tunneling through a JJ [18, 19] . Here,
| is the Cooper pair BCS DOS in the n-th superconductor, with n = 1, 2. In Eq. 5 J a = J S 1 S 3 (T 1 , T bath , ϕ a )g a (x) takes in to account the energy released by S 1 to P 6 through the junction "a" of the SQUID, which is spatially limited by the broadened (with δ
In the same way, the terms J i th (x) = J S 1 S 3 (T 1 , T bath , 0)g i (x) describe the heat currents flowing through the JJ of the thermometer P i , with i = 3, 4, 5. We note that δ x has been used for numerical reasons and does not affect the results provided that δ x is much smaller than the junction length (x a,end − x a,begin 2 µm or x i,end − x i,begin ≥ 2 µm) and the distance between the junctions, which is of at least 0.5 µm. Finally, J e−ph [T 1 (x)] represents the energy released by S 1 through the electron-phonon coupling, which reads [25] :
Here, Σ = 0.2 × 10 9 Wm −3 K −5 is the Al electron-phonon coupling constant [20] , Average S 1 temperature T 1,P 4 measured by the P 4 thermometer vs. the average temperature T 1,P 3 measured by the thermometers P 3 at a bath temperature of 25 mK. The full circles are the experimental data, while the red solid line is the theoretical fit obtained from Eq. 5.
The theoretical curves in Fig. 3a have been obtained by calculating T 1 (l 4 ) from Eq. 5, where l 4 = 5.7 µm corresponds to the central position of the junction between S 1 and the P 4 thermometer. In Eq. 5 we used the measured values of R 3 , R 4 , R 5 , R a , r 1 , r 2 as determined from the electrical characterization of the devices, while we set Γ 1 0.1∆ 1 (0) accounting for an increased sub-gap transport. This value of γ 1 is necessary also at low temperatures and it might be caused by the voltage noise generated by the heater connections. The curves were fitted to the experimental data by inserting in the thermal model the flux-dependence of ϕ a and ϕ j calculated for the configuration in which only a circulating supercurrent is driven along the loop of the SQUID (see Fig. 2c of the Main Text). Furthermore, we varied J in and R j as the only fitting parameters. The injected Joule power J in was reduced of about one order of magnitude with respect to the experimental values. This discrepancy might be ascribed to a local non-equilibrium distribution of quasiparticles in proximity of the heaters junction [34] . Indeed, for V h 100k B T c,1 the electron-electron and electron-phonon relaxation rates may become comparable, leading to the appearance of power-law tails in the electron distribution function that generate the emission of high-energy phonons [34] . The latter would carry away most of the energy provided by the current injected by the heaters, reducing the effective Joule power deposited in the island. Nevertheless, the effect results to be localized, as demonstrated by the good agreement between the experimental curves and the model based on quasi-equilibrium electronic distributions, as shown in Fig. 3a. On the other hand, we note that the value of R j was varied from 25% to 100% of its nominal value, accounting for possible non-idealities of the AlO x tunnel junction that can induce deviations from Eq. 6. The validity of our thermal model is confirmed by Extended Data Figure 5 , which shows the average S 1 temperature measured by the P 4 thermometer as a function of that obtained with P 3 , together with the theoretical fit calculated from Eq. 5. The good agreement between the experiment and the model is obtained by using the structural parameters obtained from the electrical measurements with the exception of γ 1 and J in that were treated as explained in the previous paragraph. Finally, the power generated by the electron-photon coupling between the two branches of the SQUID [29] has been estimated to be about two orders of magnitude smaller than the contribution due to quasiparticle tunneling and electron-phonon coupling, thereby leading to insignificant corrections of our results.
